We generalise to profinite groups some of our previous results on the cohomology of pro-p groups of bounded sectional p-rank.
Introduction
The purpose of this note is to generalise to profinite groups the results of [5] for pro-p groups of bounded rank. The principal one of these states that amongst the pro-p groups of rank bounded by a number r there are only finitely many mod-p cohomology rings up to isomorphism. Recall that rank here means the p-sectional rank, which is the maximum of the ranks of H/K where H ≤ G and K H and H/K is an elementary abelian p-group. The generalisation is as follows.
Theorem 1.1. For given p and r, the profinite groups of p-sectional rank at most r have only finitely many graded isomorphism classes of mod-p cohomology rings between them and these are all noetherian.
Another result bounds the dimensions of the cohomology groups. Theorem 1.2. If G is a profinite group of p-sectional rank at most r then: (1) 
, where e = 0 for p odd and e = 1 for p = 2; (2) there is a function X(p, r) such that dim H i (G) ≤ X(p, r) · i a−1 , where a is the maximum rank of an elementrary abelian p-subgroup.
In Section 3 we will generalize this to pro-fusion systems.
Proofs
We fix a prime p; all cohomology groups will have coefficients in F p and rank will mean p-sectional rank. A homomorphism of cohomology rings means an homomorphism of graded rings. A subgroup will always mean a subgroup in the category of profinite groups.
First we prove part (1) of Theorem 1.2. This is proved for finite p-groups in [5, 1.2] . If G is a finite group with Sylow p-subgroup S then a standard transfer argument shows that the restriction map embeds H * (G) in H * (S), so the bound hold for G.
If G is profinite, say G = lim ← − G/N i with the G/N i finite, then H * (G) = lim − → H * (G/N i ). The ranks of the G/N i are also bounded by r, so the bound applies to each H * (G/N i ) and hence to their direct limit. Now we prove Theorem 1.1. This is proved for finite p-groups in [5, 1.1] and for pro-p groups in [5, 1.4] . Let G be a finite group with Sylow p-subgroup S. Restriction embeds H * (G) in H * (S) and the image can be characterised as the subring of stable elements, see e.g. [1, 3.8.2] .
The stable elements of H * (S) are the x ∈ H * (S) such that, for any inclusion of a subgroup i P : P → S and any homomorphism ϕ : P → S induced by inclusion and then conjugation by an element of G, we have (i * P − ϕ * )(x) = 0. The usual formulation only considers certain subgroups P , but all the conditions are certainly necessary on the image of H * (G), so this formulation is also valid.
By the validity of the result for finite p-groups, there are only finitely many possible isomorphism classes of rings H * (S) and H * (P ). Since H * (S) is noetherian, there are only finitely many graded ring homomorphisms H * (S) → H * (P ). Thus there are only finitely many different conditions of the form (i * P − ϕ * )(x) = 0 and hence only a finite number of possible subrings of stable elements. The cohomology of any finite group is noetherian. This completes the case of a finite group.
Since there are only finitely many possible cohomology rings for a finite group of rank at most r and they are all finitely generated, there is a number N, depending only on p and r, such that they are all generated in degrees at most N. The dimension of the sum of the cohomology groups in degrees 0 through N is bounded in terms of r and N, by Theorem 1.2 (1) , and this bounds the number of generators needed. The proof of [5, 1.3] now applies verbatim to prove part (2) of 1.2.
Let G be a profinite group of rank at most r,
. Then H * (G) will also be generated in degrees at most N. Let S be the Sylow pro-p subgroup of G; then the restriction map identifies H * (G) with its image under restriction to H * (S) (because it does so on each finite quotient). By the pro-p case of the theorem, there are only finitely many possible rings H * (S) and the part of H * (S) in degrees at most N is finite. It follows that there are only finitely many subrings generated in degrees at most N and these subrings are all finitely generated and so noetherian. This completes the proofs of Theorems 1.1 and 1.2.
Inflation Functors and Pro-Fusion Systems
An inflation functor is defined in [7] (it is called a functor with Mackey structure in [6] ). An inflation functor M is a contravariant functor M * from the category of finite groups to the category of R-modules for some ring R that is also a covariant functor M * on the subcategory of finite groups and injective group homomorphisms. The two structures are related, in particular the Mackey double coset formula holds. Examples are cohomology H * (G; R), where the covariant part is given by transfer and the representation or Green rings, where it is given by induction.
Such a functor M can be extended to profinite groups by setting M(G) = lim − → M * (G/N i ), when G = lim ← − G/N i . This is well defined as a contravariant functor on the category of profinite groups (and continuous homomorphisms) and the covariant structure is defined on injective homomorphisms with open image. The Mackey formula still holds. All of this is familiar in the case of cohomology, where the covariant structure is given by the transfer. We can also use the same construction on just a contravariant functor on finite groups or finite p-groups to obtain a functor on profinite groups or pro-p groups respectively.
An inflation functor is said to be cohomological if M * (i H ) • M * (i H ) = |G : H| id M (G) for i H the inclusion of a subgroup H in G. If this holds for all finite groups then it holds whenever G is profinite and H is an open subgroup. Cohomology H * (−; F p ) is a cohomological inflation functor; the usual definition on a profinite group also satisfies the colimit property above.
Pro-fusion systems were introduced in [4] as a generalisation of fusion systems to pro-p groups. We will freely refer to that paper and use its notation without comment. Roughly speaking, a pro-fusion system F on a pro-p group S is an inverse limit of fusion systems F i on certain finite quotients S i of S.
For any pro-fusion system F on a pro-p group S and any inflation functor M we define the stable elements M(S) F to be the submodule of elements x ∈ M(S) such that, for any inclusion of a subgroup i P : P → S and any homomorphism ϕ ∈ Hom F (P, S), we have (i * P − ϕ * )(x) = 0 (where we write f * for M * (f )). The method of stable elements, as mentioned above, is usually stated for cohomology, but the proof applies whenever G is a finite group with Sylow p-subgroup S, M is a cohomological inflation functor (or just a cohomological Mackey functor on G) and every rational prime except p is invertible in R to show that restriction M(G) → M(S) is injective with image M(S) F S (G) , where F S (G) is the fusion system on S induced by G. Our aim is to extend this to profinite groups.
If G is profinite, say G = lim
Thus what we need is the next proposition, which has also been considered in [3] .
Theorem 3.1. Let M be a contravariant functor from p-groups to R-modules, extended to pro-p groups as above. Let S be a pro-p group and let F = lim ← − F i be a pro-fusion system on S. Then inflation induces an isomorphism
Proof. It is straightforward to show that the inflation maps induce an embedding of lim − → M(S i ) F i into M(S) F , so we concentrate on proving that this map is surjective. We use notation from [4] .
Let x ∈ M(S) F ; then x = f * j (x j ) for some j and some x j ∈ M(S j ), where f j : S → S j is the quotient map. The element x satisfies the conditions (i P − ϕ) * (x) = 0 for all P ≤ S and ϕ ∈ Hom F (P, S). From the definition of a morphism of pro-fusion systems, for each ϕ there is a morphism ϕ j ∈ Hom F j (P j , S j ), where P j = f j (P ), such that ϕ j f j P = f j ϕ. Then
Because F j is finite, there are only finitely many different elements of the form (i * P j −ϕ * j )(x j ) for P ≤ S and ϕ ∈ Hom F (P, S), so there is a k ≥ j such that f j,k * P (i * P j − ϕ * j )(x j ) = 0 for all P and ϕ, where f j,k : S k → S j is the quotient map. It follows that (i P k − φ * k )f * j,k (x j ) = 0 for all P and ϕ, where φ k is the image of ϕ in F k .
Setting x k = f * j,k (x j ) ∈ M(S k ), we see that x k is stable under the morphisms of F k that are images of morphisms in F . However, in general, not every morphism of F k is of this form. But we could have chosen the F i so that each F i was generated by the morphisms that are images of morphisms in F [4, 3.3] and in this case x k is stable under F k . Hence x k ∈ M(S k ) F k and x = f * k (x k ), as required. As was pointed out above, we can now deduce the next result. This motivates the study of M(S) F for an arbitrary pro-fusion system. There is also a dual version of this theory that applies to homology. Theorem 3.3. For given p and r, consider the rings H * (S) F , where S is a pro-p group with p-sectional rank at most r and F is a pro-fusion system on S. There are only finitely many such rings up to isomorphism and they are all noetherian.
Proof. By hypothesis, F can be expressed as an inverse limit of fusion systems F i on finite p-groups S i . By Theorem 3.1, H * (S) F is the direct limit of the H * (S i ) F i . The finiteness of the number of rings is now proved in the same way as in the case of finite groups in Theorem 1.1.
For the noetherian property we use the fact from [2, 5.2] that each H * (S i ) F i is noetherian.
